SOLVED EXERCISE 2.1

1.  Find the discriminant of the following given quadratic equations:

(i) 2x*+3x-1=0

Solution:
2 +3x-1=0
Compare it with
ax’ +bx+c¢c=0
Here a=2b=3c¢c=-1
Disc. =b’-4ac
=(3) -42) (-1
=9+§
17
(i) 6x*-8x+3=0
Solution:
6x'-8x+3=0
Compare it with
ax’ +bx+c=0
Here a=6,b=-8,c=]
Disc. =Db’-4ac
=(-8) - 4(6)(3)
=64 - 172
=_8
(iii) 9x*-30x+25=0
Solution:
9x?-30x+25=0
Compare it with
ax’ +bx+c=0
Here a=9.b=-30,¢c=25
Disc. =b’—4ac
=(-30) -4 (4)(25)

= 900 - 900
=0
(iv) 4x'=7x-2=0
Solution:
4’ -Tx=-2=0

Compare it with
ax’+bx+c=0
Here a=4.h==57.c=v—2
Dise. =b —4dac
= (=77 -4 () (-2)
=49 + 32 =§I
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2.  Find the nature of the roots of the following given quadratic equations and
verify the result by solving the equations:
(i) xX*+23x+120=0
Solution:
X+ 23x+120=0
Compare it with
ax’ +bx +¢=0
Here =|,b==-23,¢=120
Disc. =b’-4ac
= (=23 -4(1)(120)

=529 - 480
=49
=(7)'>0

As the disc. is positive and is a perfect square. Therefore the roots are rational (real)
and unequal. Verification by solving the equation.
x'-23x+120=0
X'~ 15x - 8x+120=0
x(x-15)-8(x-15)=0
(x-8)(x-15)=0
Either x-8=0 or x-15=0
x=8 =15
thus, the roots are rational (real) and unequal.
(ii) 2x'+3x+7=0
Solution:
24 3x+7=0
Compare it with
ax’+bx+c=0
Here a=2,b=3.¢c=7
Disc. =b’-4ac
=3y -4@(7)
=9 -56
=-47<0
As the Disc. is ncgative.
Therefore the roots are imaginary and unequal.
Verification by solving the equation
2" +3x+7=0
Using quadratic_formula

~ _b++yb" <4ac

- Z2a
_-3£03) -4(2)(7)
) 2(2)

X

Scanned with CamScanner


https://v3.camscanner.com/user/download

_-3+v9-56
4
3% J-47
4
Thus, the roots are imaginary and unequal.
(iii) 16x’ =24x+9=0
Solution:
16x’ - 24x+9=0
Compare it with
ax’+bx+c=0
Here a=16,b=-24,c=9
Disc. =b’-4ac
=(-24) - 4 (16) (9)
=576 - 576
=0
As the Disc. is zero.
Therefore the roots of the equation are real and equal.
Verification h; solving the equation

16x"—24x+9=0
Using quadratic formula

=—-bi«.|"b’——4nc
2a

_—(-24) J(-24)’ -4(16)(9) _
2(16)

_24++576-576

32

2410
32
24 3
732 4
Thus, the roots are real and unequal.

X

—
-_—

(iv) 3x* + 7x-13=0
Solution: _
I+ Ix-13=0 .
Compare it with
ax’+bx+c=0
Here a=3,b=7,¢c=-13
Disc. =b’-4ac
= (1 -4(3)(-13)
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=49 + |56
=205 >0
As the Disc. is positive and is not a perfect square.
Therefore the roots are irrational (real) and unequal.
Verification by solving the equation
3x"+7x-13=0
Using quadratic formula

- -b+ Vb’ -4ac

_=7£y(7)" -4(3)(-13)
2(3)
~7+J49+156

6
-7+ 205
6
Thus. the roots are irrationa! (real) and unequal.

—_—

3. For what value of A, the expression K xl+2 (k+1) x +4is perfect square.
Solution:
KEx'+2(h+1)x+4=0
Compare it with
ax’ +bx+c=0
Here a=kib=2(k+1).c=4
Disc. =b"-4ac
=[2(k+ D) -4 (KD
=4(k+1)-16K
=4(K+2k+1)-16K
=4k’+8k+4-16Kk
=12k’ + 8k +4=0
As the disc of the given expression is a perfect square. Therefore the roots are rational
and equal.
So Disc =0

~12K* +8K +4=0
~(12K*+8K +4)=0
= 12K° -8K -4 =0
12K 12K +4K -4=0
12K(K -1+ 4K -1)=0
(12K + 3XK =-1)=0

Lither | 2K+4=0 or K-1=()
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12K=—+4

A —

K=—l

3

4. Find the value of k, if the roots of the following equations are equal.

() @k+Dx*+3kx3=0
Solution:

2k +Dx? +3Kx+3=0
Here a=2k+1, b=3kc=3
As the roots are equal, So
Disc.=0
b’ -4ac=0
(3k)* —4(2k +1X3)=0
9k’ -12(2k+1) =0
Ok’ ~24k +12=0
33k’ -8k +4)=0
= 3k’ -8k +4=0
3k? -6k -2k +4=0
(k-2)-Ak-2)=0

Gk -2Xk-2)=0 |
Either ~ 3k-2=0 or  k-2=0
3k=2 =2
k=2
3

i) X +2(k+2)x+(3k+4)=0
Solution:
x 4+ 2k +2)x+(3k+4)=0

Here a=1, b=2(k+2), c¢=3k+4
As the roots are equal, So
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Disc.=0

b’ -4ac=0
[2(k+2)F - 413k +4) =0
4k+2) -4k +4)=0
4k’ +4k+4)-12k-16=0
4k’ +16k +16-12k -16=0

4k + 4k = 0

J dk(k+1)=0
Either 4k =0 or k+]1 =0
K=0 K=-I
(iii) Gk+2)x*~S(k+1)x+(2k+3)=0

Solution:
Gk+2)x'=5(k+1)x+(2k+3)=0
Here a=3k+2, b=-5(k+1), c=(2k+3)
As the roots are equal, So
Disc.=0

b’ -dac=0
[-S(k + 1] =43k + 2X2k +3)=0
25(k* + 2k + 1) - 4(6k* +13k +6)=0
25k? + 50k =25 - 24k* =52k =24 =0
ki-2k=1=0
(k=1 =0
= k-1=0
k =1

5.  Show that the equation x? + (mx + ¢)’ =2’ has equal roots,
If c=a (1 +m)

Solution:
x"+(mx+c) =a’
» T 1L
X"+mMmX +_-mMCX+C =3
) T ..
[I+m‘]x'+_m:x+c =a

(!+m:)x: +2mex+¢c -a* =0

;
Here a= | +m',h=2mc,c={:2=_ai

As the roots are equal, so
Disc =0
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b’ —4ac =0
(2mc)’ ~4{1+m?)(c’ -a%)=0
am’c* -4(c* -a’ + m’c* -a’m’) =0 '
dmc’ -4’ +4a’ —d4mc® +42’m? =0
—4¢’ +4a’ +4ac’ +4a’'m’ =0
_4(,-;3 ~ a? __aim:) =0
¢ -a*-a‘m? =0
= c=a +a'm’
c =a:(a+m:)
Hence pron cd.

6. Find the condition that the roots of the equation (my + c)l ~ 4ax = 0 are

equal.
Solution;
(mx +c)’ - dax =0
mx’ +2mex+¢ ~4ax =0
m°x’ +2mex —4ax +¢’ =0
m’x’ +2(mc-2a)x+¢’ =0
Here a=m’. b=2{mc ~2a),c=c¢
As the roots are equal. so
. Disc =0
b--dac=0

[2(me- Ea}]: ~4(m)(c*)=0
4(mc - 2a }: —~4m’c =0
4[m:c3 - damc + 433]- 4mc’ =0

4(m:c: —~damc +4a’ -m'¢’ ) =0

= 4al -damc =0
Ja(a-mc)=0

= a-mc=0

a=mc

Which is the required condition.

7. If the roots of the equation (¢’ - ab) X* — 2 (a° - be) x + (b - ac) = 0 are

equal, thena=0or a’ + b’ + ¢’ = 3abe.
Solution:
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(c: —ah)x: -l(aI - bc)x +{bz uac)zﬂ

Here a=c1—ab,b=~2{az—bc},c=bz—ac

As the roots are equal so
Disc=0
b’ ~4ac =0

[-2(a* ~be)] - 4(c? - ab)(b* - ac) =0
4(33 —t:«(:]1 —4(:1 —ab)(b’ —ac)=l}
4[(31 - 2a’bc + h:cz) (b’ -ac’ - ab’ +azhc”= 0
a*-2a’bc+b’c’ ~b’c’+ac’ +ab’ -a*bc=0
= a'+ab’ +ac’ -3a’bc=0
- a(a’ +b' +¢’ —33bc)=0

Either a=0 or a’+b’+c¢’ -3abc=0
a’+b’+ ¢’ =3abc
Hence proved.
8.  Show that the roots of the following equations are rational.

(i) a(b-c)x*+b(c-a)x+c(a—-b)=0

Solution:
Here A=a(b-c¢),B=b(c-a),C=c(a-b)
Disc = B’ - 4AC

=[b(c-a) -4[a(b-c))[c(a-b)]
=b’(c-a) -4ac(b-c)(a-h)
= b’ (c:I +a’ — 2ac) - dac (ab - b" - ac + be)
= b%c? + a’b’ - 2ab’c - 4a’bc + 4ab’c + 4a’c’ - dabc?
= a’b? + bic? + da’c? + 2ab’c - 4a’be - dabe?
= (ab)’ + (bc)® + (~2ac)’ + 2 (ab) (bc) + 2 (bc) (-2ac) + 2 (-2ac) (ab)
= (ab + bc - 2ac)’
Hence the roots are rational.

(i) (a+2b)x’'+2(a+b+c)x+(a+2c)=0
Here A=a+2b,B=2(a+b+c)c=a+2c
Disc = B? - 4AC
=[2(a+b+c)] -4(a+2b)(a+2)
=4 (a+b+c) —4(a° +2ac +2ab+4bc)
= 4[4 +b° +¢" + 246 + 2bc+ 24 - &7 - 2 - 2ab - 4bc)
=4 [b* + ¢* - 2bc]

=4(b-c)
Hence the roots are rational.
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9. For all values of k, prove that the roots of the equation

=D (k+%) x+3=0 k#£0 are real.

Solution: ’
f&z(n%} x+3=0

Here a=1,b=-2 [k+%),c=3

Disc. =0b’-4ac

_ [-z(n%]]z ~4(1)(3)

{ 1 .
4 k+—.,] =12
.
] k.
k+—| -3

= 4 k:+k—ll+2—3]

]
£

=4 k1'+%—l]:>ﬂ

Hence the roots are real.

10. Show that the roots of the equation.
(b-c)x’+(c—-a)x+(a—b)=0are real.
Solution:
{b—:}x3+{c -a)xt+t{a-b)=0
Here A=(b-¢),B=c-a,c=a-b
Disc. =B?-4AC
=(c-a)-4(b-c)(a-b)
=¢?+a’ - 2ac — 4 (ab - b’ — ac + bc)
=a’ + ¢’ - 2ac - 4ab + 4b’ + dac - 4bc
=a’ + 4b’ + ¢ -~ 4ab - 4bc + 2ac
= (a)’ +(-2b)’ + (c) + 2 (a) (-2b) + 2 (-2b) (c) + 2 (a) (c)
=(a-2b+¢c)'>0
Hence the roots of the equation are real.
Cube roots of unity and their properties.

The cube roots of unity:
Let a number x be the cube root of unity,
e, x=(1)"
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i
or x = 1|

= x'—1=0
(x)-(1) =0
(x-DE+x+D)=0 {usinga]—h3={a—b){a1+ah+hI]
Either x-1=10 or x4+ x+1=0 -
I L1 -a0))

* 2(1)
~1+f1-4  -1:J3 1203
2 2 2

1hree cube roots of unity are

lf“iﬁ _I_iﬁ wherei=~f_:l.

and .
2 2

Recognize complex cube roots of unity as ® and @’:

“14+4-3 =1=y-3
——— and e

If we name anvone of these as w (pronounced as omega). then the other is o’

The two complex cube roots of unity are

Properties of cube roots of unity:
(a) Prove that each of the complex cube roots of unity is the square of the other.

Proof:

_|_J_—3.

2

The complex cube roots of unity are d

—I+J—_3—
—2——-—nn

We prove that

r’_]+J_—3‘11w_]_\(_—3 and I'F—I—J:-'.:];)l=—-I+a.(:3-
- 2 2 . 2 I
(1oAY 1(3)-200F 23] Y2
\ 2 / 4 4 2 4
_=2-2J3 _-2+2J-3
‘ K
2(-—I-J+_3] ,'2(—-1+J—_3}
T4 T
=l-l-J—_3 _.'L|"“‘J'"'_3
-~y 2 2

Thus, each of the complex cube root of unity is the square of the other, that is,

~1+4-3 ~1-4-3 w3
2 7.

Ifw= = Jdhenw' = = andif © = =——-—--2—---then
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1r=“1+\'r—_3

2

(b)Prove that the product of three cube roots of unity is one.

W

Proof:
Three cube roots of unity are

= =

2 2
; ¥ YR
The product of cube rnﬂtsufunity=(1][ HZJ?J : zﬁ]
\
\2
(-7 -(V=3)  —1-(3) 143

4
4 4 4 4
i.e., (D@ {(w)=1lorw’ =1

(¢) Prove that each complex cube root of unity is reciprocal of the other.

Proof:
We know that o’ = | = 0w =1,s0

w=— or
® N

Thus, each complex cube root of unity is reciprocal of the other.

(d) Prove that the sum of all the cube roots of unity is zero.
e, lto+w' =0

Proof:
The cube roots of unity are

L—|+J:§and—1-v’-_3
2 2
=143 T b

, then ©

.2 2
The sum of all the roots = 1 + @ + ©’

1443 —1-=3
| + 5 + 3

_2=1+ J-3-1-4-3
2
Thus, | + 0+’ =0
We can easily deduce the following results, that is,

1f w=

=0

9
2

(i) l1+o'=-0 (i) 1+o=-cd (i) w+o’=-]
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