and (1) a:a-b=c:c-~-d

(S) Theorem of Componendo dividendo
If a:b=e:d,then
(1) atb:a-b=c+d:c-d

and (1) a-b:a+b=c-d:c+d

I. Prove that a:b=c:d, if

4a+Sb 4c+5d
4a-5b 4¢-5d
Solution:

(1)

da+5b 4c+5d

4a-5b 4c-5d

By componendo-dividendo theorem, we have
(42 +5b)+(4c+5b) (4c+5d)+(4c~5d)
(42 -5b)—(4c-Sb) (4c +5d)-(4<c - )
4a+5b+4a-5b dc+5d+4c-3d
4a+5b-4a+5b 4c+5d-4c-5d

Given

]
10b 10d
Multiplying both sides by _IZB_ we get
2k
b d
= a:b=c:d

Hence proved

2a+9b _ 2c¢+9d
22a-9b 2¢-9d

()

Solution:
Given
2a+9b 2c+9%d
2a-9b 2c-9d
By componendo-dividendo theorem, we have

SOLVED EXERCISE 3.4
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(22 +9b)+(2a +9b) (2c+9d)+(2c-9d)
(28 +9b)-(2a-9b) (2c+9d)-(2c-9d)
2a+9b+2a-9b 2c+9d+2¢c-9d

26+9b-2a+9b 2c+9d=2c+9d
b !

18b 18d
18

Multiplying both sides by e we get

a_t
b d
= a:b=c¢c:d
Hence proved
ac’+bd’ ¢’ +d’ -

i) ——— ==

ac’-bd? ¢’-d’

ac’ + bd* - ¢’ +d’
ac’ -bd* ¢’-d’
By componendo-dividendo theorem, we have
s ) ' -18)_(0+)o(0-0)
(ac® +bd’) - (ac* - bd®) (¢’ +d)-(c"-d")
ac’ +bd"+ac’ -bd® _c'+d’+c’-d "
ac’+bd> —ac’ +bd®  ’+d’-c’ +d’

2ac _ 2¢’
2bd”  2d°
ac® ¢’
—) - '—'—]'
bd- d

-‘

Multiplying both stdes byi:— . we get
o

o P

b d
= a:b=c¢:d

l{ence proved

~a'c+b’d ac’!+bd’

(W) S ™7 o7
ac-b’'d ac -bd

Solution:
Giiven
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a‘c+b’d _ac’ +bd’
a’c-b’d ac’-bd’
By componendo-dividendo theorem, we have
(ac+bd)+ (a’c - b’d) (ac® + bd® ) +(ac” - bd’)

(azc + b’d)—(azé - bza ) (a'v.:2 + bd;) —(ac"' - bdz)

321: +b’d+a’c-b’d ac’ +bd® +ac’ - bd’
a’c+b’d-a’c+b’d ac’?+bd?-ac’+bd’

2a’c  2ac’
2b’d  2bd’
a’c ac’
= —_—
b’d bd’
g b . bd
Multiplying both sides by — , we get
ac
.
b d
= a:b=c:d

Hence proved

(v) pa+qb:pa-qgb=pc+qd:pc-qd

Solution:
Given
pa+qb:pa-qb=pc+qd:pc—-qd
pa+qb _ pc+qd
pa—qb pc-qd

By componendo-dividendo theorem, we have
(pa +qb) +(pa—qb) : (pc +qd)+(pc - qd)
(pa+gb)-(pa-gb) (pc+qd)-(pc-qd)
pa+qb+pa-qgb _ pc +qd + pc -qd
pa+qb-pa+qb ~ pc+qd-pc+qd

2pa _ 2pc
El; B 2qd
Multiplying both sides by—Zﬂ , we get
2p
a ¢
b d
= a:b=c:d

Hence proved
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(vi)

atb+c+d _a-b+c-d

a+b-c-d B a-b-c+d

Solution:

(vii)

Solvtion:

Given
a+b+c+d _a- b+c— d

a+b-c-d a-b-c+d
(a+b+c+d)+(a+b-c-d) (a-b+c-d)+(a-b+c+d)

(a+b+c+d)- (a+b c— d) (a b+c-d)-(a-b-c+ )

a+b+c+d+a+b -c—d _a- b+c-d+a-b-c+d

a+b+c+d —a-b+c+d a-b+c-d-a+b+c-d
2a+2b 2a-2b

2c+2d  2c-2d
2(a+b) 2(a-b)
2(c+d) 2(c-d)

a+b a-b

c+d c¢-d
a+b c¢+d
or = —
c-d c¢-d

By componendo-dividendo theorem, we have
(a+b)+(a-b) (c+d)+(c-d)
(a+b)-(a-b) ) (c+d)-(c-d)
at+b+a-b c+d+c-d
a+b-a+b c+d-c+d

2a_2
2b 2d
a ¢
: —
b d
— a:b=c:d

Hence proved

Za+3b+2c+3d 2a-3b+2¢c-3d
2a+3b-2c- 3d 2a 3b-2¢c+3d

Given
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(2a+3b+2c +3d)+(2a +3b-2c-3d) (2a-—3b+2¢ 3d)+(2a-3b- 2c+3d)
(2a+3b+2c+3d)-(2a+3b-2c-3d) (2a-3b+2c-3d)-(2a-3b- 2¢ +3d)

Zaf3b-|720+3d+2aj-3b—2c—3d _2a—-3b+2c—3d+2a-3b—2c+3d

Ja+3b+2c+3d—2a-3b+2c+3d 2a—-3b-2c+3d-2a+3b+2c—3d
4a+6b_4a-6b

4c+6d 4c-6d
4a+6b__4c+6d

4c -6d 4c-6d

or

By componendo-dividendo theorem, we have
(4a +6b) +(4a-6b) (4c+6d)+(4c-6d)
(42 + 6b) - (4a-6b) (4c+6d)—(4c-6d)
4a+6b+4a-6b dc+6d+4c-6d
42+6b-4a+6b dc+6d-4c+6d
8a & ‘
12b  12d

l ]
Multiplying both sides by;z we get

.

b d

=5 a:b=c¢:d
Hence proved

a’ +b’ _ac+bd
a’-b® ac-bd

(viii)

Solution:

Given

a- +b ~ac+bd

a’—b® ac-bd
By componendo-dividendo theorem, we have
(a’ +b’)+(a -b’) _(ac+bd)+(ac+bd)
(a: - b:)--(:rat3 —-b:) ~ (ac + bd) —(ac - bd)

a-+b +a°--b _ac+bd +ac- - bd

e re— T e ol I —

a*+b -a’ +b " ac +bd — ac +bd

23 2ac
Zb 2bd
2b

Multiplying both sides by — . we get
2a
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L

b d

= a:b=c:d
Hence proved

2. Using theorem of componendo-dividendo

. " %
(i) Find the value of o 2y+ - zz,if y = 4yz
x-2y x-2z y+z
Solution: '
2y (2
Given x=—2 o 52 2Y)(22)
y+i y+2Z
X 2z
or —
2y y+2
#pplying compondendo-dividendo theorem, we get.
x+2y 2z+(y+z)
x-2y 2z-(y+z)
X+2y 2z+y+12z
X-2y 2z-y-z
X+ 2 +3z |
y_Y )
X-2y zZ-Y :
2y {2
Now X = 4yz or x=( Y)( Z)
y+2 y+z
or l-= 2)’
2z y+z

Applying compondo-dividendo theorem, we get.
x+2z 2y+(y+z)
X — 2z 2y—(y+z)

X+2z 2y+y+z

X -2z B 2y ~y-12Z
x¥bz_3y+z

x-22 y—2

Adding eq. (i) and eg. (1), we get
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x+2y+x+2z=y+jz;3y+z
x_zy K-2z zZ-Y y -2
y+3z 3y+z
= +
2=y ~z-y) .
_Y+3z 3y+z
z-y z-Y
(y+3z)-(3y+z)
Z-Y
_y+3z-3y-z
z-y
_2z-2y
Z—Yy
=2(Z-—y}=
z-y
+ +
(ii) Find the value of — L. 5P,ifm=10np
l m-5n  m-5p n+p
Solution:
Given m = lOnp_ or x:M
n+p . n+P
or xm _ _2p
Sn n+p

Applying componendo-dividendo theorem, we get.
m+5n 2p+{n+ p)

m-5n 2p—(n+p)

m+5n 2p+A+p

m—thzp-n—p '
m + Sp _ 3p+n (i)
m-5n p-n -~

Sp)(2
Now m'= Sl or m=——————(p)( ")
n+p n+p
m 2n
or —_—
Sp n+p

Applying componendo — dividend theorem, we get.
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m+5n 2n+(n+p
m-5n 2n-(n+p)

m+3n _ 2n+n+p
m-5n 2n-n-p
N

m-5n n-p —_‘—"‘(")

Adding eq. (i) and eq. (ii), we get.
m+5n m+5p 3p+n 2n+p

m+J3n 3n+p

+
m-5n m--Sp p—n n-p
3jp+n  2n+p
N +
© p-n —(p_n)
_3P+ﬂ_3n+p
p—-n. p-—-n
_(3P+n)-(3n+p)
= -
_3p+n_-3;ii
p-n -
_'2p-2n
p-n
2p -
p-n
s -6 i
(iif) Find thevalueof 2-28 X9 1y o 1280
x+6a x+6b a-b
Solution
6a)(2b
Qiven X = | 2ab or x=( a)( )
a-b a-b
o g
6a a-b

Applying componendo-dividendo theorem, we get.
X + 6a - 2b+(a—b)
x-6a 2b-(a-b)
x+6a 2b+a-b
x-6a 2b-a+b
x+6a a+b
x-6a 3b-a
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x-6a 3b-a _
- . (i)
x+6a a+b

Now x= Lo or X = 2a)(6b)
a=b a-b
X 2a
of —=——8u
6b a-b

Applying componendo- dividend theorem, we get.

x+6b 2a+(a-b)
x-6b 2a-(a-b)
x+6b 2a+a-b
x-6b 2a-a+b
X+6b 3a+b ..

= (i)
x-6b a+b
Subtrabtract eg. (ii) from eq. (1), we have.
x —6a x+6b 3b-a 3Ja-b

x+6a Xx-6b a+b a+b
~ (3b=-a)-(3a-b) :

B a-b

~3b-a-la+b

- a-b

~4b-4a

- a+b

~4(b-a)

~ a+b

3 x-3z |fx=%.

x + 3y x+3z y-2

(iv) Find the value of

3
Given x = 2z
y—-2
X Z
or —_— ————
Jy y-2

Applying componendo- dividend theorem, we get.
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X + 3y =z+(y—z)
x-3y z-(y-z)

X+ly z+y-z

F=—_l
i

X-3y z-y+z
x+3y_ y
x-—3ym2z—y
x+3y_2z—§
x—3y_ y
3yz

y-2
R

3z y-z

or

S—({)

Now x=

Applying componendo-dividendo theorem, we get.

x+3z_y+(y-2z)
x-3z y-(y-z2)
X+3z2 y+y-z

X—-3z2 y-y+z

x+3z_2y-£ (ii)

X —3z z T
Subtracting eq. (i1) from eq. (i), we get.
x-3y x+3z 2z2-y 2y-z

X+3y x-3z y 7
.- o M)y o]
yzZ
(v) Find the value of 3-5p + s-3q ifs= 6pq
s+3p s+3q s-3q
Solution:
3p)(2
Given 5=—-6—Pﬂ-—ors=___( P)( q) OI'—S—= 2q
ok P-4  3p P-g

Applying componendo-dividendo theorem, we get.
s+3p _ 29 +(p-q)
s-3p 29-(p-q)
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s+3p_29+p-q
s—3p_2q-p+q

s+3p p+q

s-3p 3q-p

s+3p=3q-p (i
s=Jp p+q T

Now

or S

Applying componendo-dividendo theorem, we get.
s+3p _2p+(p-q)

s-3p 2p-(p-q)

s+3p 2p+p-q

s-3p 2p-p+q

s+3p=3p—p (i)
s=Jp p+q
Adding eq, (i) and eq, (1), we get.
s-3p s+3p_3q-p 3p-p
s+3p s-3p p+q Pp+q
_39-p+3p-q
P+q
_2p=2q
pP+q

Applying componendo-dividendo theorem, we get.
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2(x - 2): )

~—— = =25
-2(x - 4)
2
=5 (x-.-Z)ﬂ =25
(x-4)
Taking square root on both sides, we get.
~2Y |
(x-2) _, /35
(x~4)
x-2=i5
X -4
=5 x-—2=_5 or x—-2=5
x-4 x—-4
x-2=-5(x-4) 5(x-4)=x-2
X—-2=-5x+20 5x -20=x-2
X+95x=2+205x-x=20-2
6x =22 4x =18
(22 L
6 4
L 9
3 2

Thus, solution set = {?- 1—'—}
= 2’3

f 2+ + / 1_'2
(vii) Solve S i =2
Jx’+2-:/x’-2‘ .

VX2 +2+Vxi-2 2

Jx:+2 -Jxl -2 |

Applying componendo-dividendo theorem, we get.
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Squal:ing both sides, we get.
X° + 2

T
—

X~ .2
9(3242)=x:+2
Ox" ~18=x"+2
Ox" - X" =18+2
82" =20

\"

Thus. solution set = {i\/g}

(vinn) Solve ——————"r—— 1
}xz +8p2 _ xl-pl 3
Solution:
+8p° +x -p° |
") 21 3

Applying componendo-dividendo theorem. we get.

[\/x: +8p° - F—ﬁp:]+[,}x: +8p° +x° -p° |+

= — i e —— —— i
q

3
-3
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Jx* +8p’ -«sz —p? +x* +8p° +4Jx’ -p° 4
x’+8pz—ﬁ- x:+8p:—m -2

2{x" +8p” '2

_2 X: _pl

VXi+8p7

X' -p°
Squaring both sides, we get.
x* +8p’

=

=4

X" —p°
4(x* -p’)=x"+8p’
4x* -4p* =x" +8p°
4x* -x* =8p> +4p°

3Ix* =12p°
x: =4p:
= X =12p

Thus, solution set = {+2p.- 2p}

(ix) Solve _.______(”5):'("'3)3 =13
(x+5) +(x-3)" 14
Solution:
(x+5) —(x-3) 13
(_x + 5)'1Il +(x —3)J '— 14
Applying componendo-dividendo theorem. we get.

[(:lc+5)‘l _(3_3).'«]1_[(".'_5)1 +(x-3) 13414

[("‘*5)] ‘("'3)3]—[(x+5)3+(x—3)’] 13-14

('x-i-S)] -—(x—_‘»‘.)?’_(-x +5)3_(x_3)1 )
__2(’“’5)]_'__
_2(_\1_3)3 =

(x +5)'1l _ 97
(x-3)

27
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X+5
x—3—3
3(x—3)=x+5
3x-9=x+S5
3X-x=9+5
2x =14

= X =1

Thus. solut_ion set = {7}

(i) Joint variation

A combination of direct and inverse variations of one or more than one vartables forms
joint variation,

If a variable y varies directly as x and vartes inversely as z.

Then yx x andy !

Z
In joint variation, we write it as
X
y €. —
Z
. X
1.€., y=k—
z

Where k # 0 is the constant of variation.
SOLVED EXERCISE 3.5

1. If s varies directly as u’ and inversely asvand s =7 whenM=3,v =2, Find
the value of s when u =6 and v = 10.

Solution:
s . : 3
Giiven that s varies directly as u-, so
S x u’ ;
Also given that S varies inversely as V, so
. I
S« —

V
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