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ox+1 L h
~xo1 TR

CL f(x) 1s neither even nor odd function,
(v) f(x) = x? +6

fi-x) = (-x)""+6
= (=] + 6
= )" +6
= x"+6
= f(x)

f(x) 1s an even function.

3
X =X

vi)  f(x) = 277
(%)’ = (=x)

(%)~ 1
—x’ +x

X" +1
~(x" = x)

X" —1

= —f(x)
f(x) 1s an odd function.

Composition of Functions:

Let f be a function from set X to set Y and g be a function from set Y to set Z.
The composition of fand g 1s a function, denoted by got, from X to Z and 1s defined by,

(gofl(x) = g(fix))y = gfix)forallxe X
Inverse of a Function:
Let f be onc-one function from X onto Y. The inverse function of t, denoted by
f~', is a function from Y onto X and is defined by.

x = f ' (y), ¥ye Yifandonlyity=1(x), ¥ x e X

EXERCISE 1.2

Q.1 The real valued functions f and g are defined below. Find

(a) fog(x) (b) gof(x) (c) fof (x) (d) gog(x)
3
x—1

f—x) =

(i) fix) =2x+1 ; g(x) = , x # 1
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(i)  f(x) =
(i)  f(x) =
v) f(x) =
Solution:

i fix) =
(a)  fog(x)

(b)  gof(x)

(c) fof(x)

(d)  gog(x)

1
“x,|'5;+1;g(x)=]? . X # 0

S | ;

3xt—2x? ;

x # 0

2
g(x) = ﬁ ,

3
x—1

2x+1

= fgxp

- ()
- 2(::1)*'

6
= K_1+1
6+ x— 1
x — 1
X+ 35
- Ans.
X — ]
= g(f(x))
= g2x+1)

3 3

Toxtl-1 T 2 Ans.

= f(f(x))

= f(2x+ 1)

= 22x+1)+1
= I4x+2+1

= 4x+3 Ans.

= glg(x))

) g(xil)

g(x) = , X # 1

x # 15 gx) = (x*+1)
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3
3I—(x—1)
X -1
3(x—1)
J-x—1

_ =D
4—-X

(ii) f(x) =/x+1 ; g(x) = x% ., X # 0
(@)  fog(x) = f(g(x))

= Ans.

(b)  gof(x) = g(f(x))

1
( x+1)2 = 11 Ans.
() fof(x) = f{t(x))

(d)  gog(x)= glg(x))

| |
ZT:=T=}{4 Ans.
I

i)  f(x) =\fﬁ ox = 1 3 gx) = x*+1)
(a)  fog(x) = ftlg(x))
= H(0C 1))
|
V1) -
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1

Jx e+
1

e +2)

(b)  gof(x) = g(fix))

(c)  fof(x) = f(f(x))

(d)  gog(x)= g(g(x))
= g((x* + 1))

= [T+ 1+ Ir

= [(x>+ 1)+ 17

iv) f(x) =3x"'-2x" ; g(x) =

(a) fog(x) = f(g(x))
2
- f[\/ﬂ

(-]

Xyx©+ 2
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5908

48 8

- Ans.

(b)  gof(x) = g(f(x))
= g(3x" - 2x)
2
\f3}{4—2f
2 2
B e
(c)  foflx) = fif(x))
= f(3x" - 2x%)
= 33 -2 - 23kt - Y Ans.
(d)  gog(x)= glgl(x))

e

W Ans.

Q.2  For the real valued function, f defined below, find:
(1) 7 (x)
(b)  7'(=1) and verify f(f "'(x)) = ™" (f(x)) = x
()  f(x) = =2x+8 (Lahore Board 2007,2009) (i) f(x) = 3x° +7

2x +1
x—=-1"

(i)  f(x) = (~x +9)° (iv) f(x) = x> 1
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Solution:
(i) f(x) = =2x+8
(a)  Since y = f(x)
=x = f(y)
Now,
fix) = —2x+8
y = —2X+8
2x = 8-y
T2
— E—y
(= =
Replacing y by x
8 —X
.
b (x)= I
Replacing v by x.
8—X
ey
f(x) = 7
(b) Put, x = -1
-l 8= (=1) 8+1 9
teb="" "2 72
—1 8 —X
f(f'x) = fl =
8 —x
- ‘2( 2 j”
= —8+x+8
= X
£ (fx)= ' (2x+8)
8- (=2x +38)
Bl 2
83+ 2x -8
a 2
2X

f(f'x)) =" (fx) =x

Hence proved.
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i) fx) = 3x'+7
(a) Since v = {(x)
= x = ()
Now
flx) = 3x'+7
Y = 3"+ 7
' = y-7
3 _y-7
. -3
N
< -5
3
]
e (¥Y=T)3
o= (Y57
Replacing y by x
Ll
N - x—?)g
f {"”"_( 3
(b) Put x = -1
1
~1 . —l—?)g
_ (—_8'%
-3
) 1
F(f'x) = f (I_TT
3
_ (I—? g
3
—7
) 3[x3 )+?
= X-7+7
f ' (fx)) =f'0Gx+7
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3x !
B ( 3 ]3
1
— (xﬂ)ﬂ —
f(f (x)) f- l(f(:{)) X
Gii) fix) = (x+9)°
(a) Since v = f{x)

x = £y
Now
fix) = (-x+9)
y = (-x+9)
1
}'3 = —-x+9
1
X = 9y’
Replacing y by x
1
flx) = 9-x
(b) Put x = -1
1
f (1) = 9-(-1)°
l
f((f ') = fO-x)

1

= [-O-x)+9]

1
= (-9+x*+9)

o) s

f'(fx) = ' ((x+9))

= 9 [(-x+9)T

= 9-(—x+9)
= 9+x-9
= X

f(f'x)) =" (fx) =x

Hence proved.

Hence proved.
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2x + 1
iv)  f(x) - S, x>
(a) Since v = f(x)
x = ()
Now
: 2x + 1
ix) = x— 1
- 2x t 1
Y ox— 1
yix-1) = 2x+1
yx -y = 2x+1
yXx —2x = l+vy
x(y-2) = y+l
_|_
N
y — 2
-1 ooy +1
t(y) = y—2
Replacing v by x
o _ox Tt
)= 2
(b) Put x = -1
0 I
Feh =277
0
=3 = 0
| B x+l)
(" (x)) = £l
2{x+l]+l
B X—2
- x-l—]_l
X—2
2(x + 1)+ (x —2)
B X—2
X+l -(x-2)

X—2
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2x+2+x-2
x+1—x+2

I
Lad

|

et

) -2

x—1
2x + 1T +x -1
x—1
2x+1-2(x—1)
x—1
3x
2x+1-2x+12
3x
3 T X
f (f"(x}) =f (f{xj) = X Hence proved.
Q.3  Without finding the inverse, state the domain and range of .

(i) f(x) = x+2 (ii) f(x) = :%}I yJX# 4
(iii) f(x) = 1{1T3 s X# =3 (iv) f(x) =(x-5),x=5
Solution:
(i) f(x) = x+2
Domain of f{(x) = [-2, tx)
Range of f(x) = [0, +=)

Domain of f '(x) = Range of f(x) = [0, +oo)

Range of t™'(x) = Domainof f(x) = [-2, +x)
i)  f(x) = i:i x#4

Domain of f{x) = R — {4}

Range of {(x) = R— {1}

Domain of fl{x} = Range of f(x) = R—-1{1}

Range of £(x)

Domain of f(x) = R - {4}
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(iii) f(x) = <+ 3 ,X#=3
Domain of f(x) = R - {-3}
Range of f(x) = R—-1{0!}
Domain of f'(x) = Range of f(x) = R-1{0}

Range of £ '(x) Domain of f(x) = R - {-3}
(iv) f(x) =(x=5)",x25 (Gujranwala Board 2007)

Domain of f{(x) = [35, +=)
Range of f(x) = [0, too)
Domain Uff'l{x} = Range of f(x) = [0, +oo)
Range of f'(x) = Domainof f(x) = [5, +x)

Limit of a Function:

Let a function f{x) be defined in an open interval near the number “a” (nced not at a)
if, as x approaches ‘a’ from both left and right side of *a’, f(x) approaches a specific number
*L” then L7, 1s called the limit of f{x) as x approaches a symbolically it 15 written as.

Lim f(x)= L read as “Limit of f{x) as x — a,1s L”

X—si
Theorems on Limits of Functions:
Let and g be two functions, for which Lim {{x) = L and Lim g(x) =M, then

Theorem 1:  The limit of the sum of two functions 1s equal to the sum of their limits.
Lim [f(x) + g(x)] = Lim f{x) + Lim g(x)

= L+M
Theorem 2: The limit of the difference of two functions 1s equal to the difference of
their limuts,
Lim [{(x) — g(x)] = Lim f{x) £ Lim g(x)

X—ra X—rd o N
= L-M
Theorem 3: [t K is any rcal numbers, then.
Lim [kf(x)] = K Limf(x)= kL
K—>il X—sd
Theorem 4: The limit of the product of the functions is equal to the product of their
limits.
Lim [{(x) . g(x)] = [Lim f{x}] [Lim g{x)] = LM
X—3d o X—a

Theorem 5: The limit of the quotient of the functions 1s equal to the quotient of their
limits provided the limit of the denominator is non-zero,
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Lim f(x)
i X —I __x—a B L
Lim [yl ~ Tigey ~ M 9 % 0 M0
Theorem 6: Limit of [f(x)]", where n 1s an integer.
Lim [f(x)]" = [Lim fix)]"= L"

X1 X—rd

The Sandwitch Theorem:

Let f, g and h be functions such that f(x) £ g(x)} < h{x) for all number x in some
open interval containing “C”, except possibly at C itself.

If, Limfix)= L and Lim h{(x) = L,thenLim g(x)=L

A—a X— e T
Prove that
If B 1s measured in radian, then
Lim sind =1
g0 O
Proof:

Take © a positive acute central angle of a circle with radius r = 1. OAB represents
the sector of the circle.

OA| = |0C| = 1 {radn of unit circle)
From right angle AODC

. DC , .
Sind = {ﬁ} = IDC| (- |OC|=1)

From right angle AOAB

AB
Tanf = ﬁ% - AB (- |0Al= 1)

In terms of 0, the areas are expressed as

I 1 1
Arca of AOAC = 5 |[OA[|CD[ = 5(1)sin0 = 7sin0
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1
Area of sector OAC = = 1{—3-—— (1)(0) = —e

Area of AOAB = % OA |AB|=E (1)tanh = %lanﬂ

From figure
Area of AOAB = Area of sector OAC = Area of AOAC
| | |
Etanﬁl }EB }E 51n6
Lsing 0 _sin0
2 cosh 2 2
|
As sinb 15 positive, so on division by 2 sinb, we get,
l = 0 = ] 0<0 <2
cost s ( m/2)
1.C.
cost) < sind < ]
0
When, 0 -0 |, cosO — 1
0
Since Slg 1s sandwitched between 1 and a quantity approaching | itself.
So by the sandwitch theorem it must also approach 1.
1.€.
Li sinb = ]
ooy 8
Theorem: Prove that
-l n
Lim [] +—) = ¢
n — +x n
Proof:
Taking
1y IV nn—1) (17  n(n—1)n-— 2}()
(P RRURARE SN IR SR TN

] 1 ] 1 2
=1+1+2T(—J 3 (] n)(l_n)+ .........

Taking Lim on both sides.

mn — =+

| 11 1 1

n[il’:ﬂ (l—'_ﬁ) = l+l+21+3! +§+ .........

1+ 1+0.5+0.166667+0.0416667 +.........
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= 2718281 .........
As approximate value of e 1s = 2.71828]1
[
Lim (1 +—j = e
n —» —a 1
Deduction:
Lim (1+x)'* = e
x—0
We know that,
1 1l
im (141 -
o Un :
1 1
Put x_nth{mx_n
As n—>+xe , x—>0
Lim (1 +x)'" = ¢
n— =
Theorem:
Prove that:
oooa -1
Lim = log.a
X —> 34
Proof:
Taking,
oa -1
Lim
Xx— 4
Let a -1=y
a' = l+y
x = log, (1 +vy)
As, x—a , yv—0
.o — 1 _ ¥
L = L
N v o logi(1+y)
: 1 . 1
= Lim— = Lim 1
y b 2 — ) Kl
y loga(1 +y) log.(1 — v)
_ I . iy _
— ]{}g_ﬂﬂ . ::[_ﬂ’% (l + }r) —

log.a
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Deduction

Lim
% —f)

We know that

&
o (%

— 1
¢ ] = loge.e = |

j = log.a
X —» )
Put = ¢
_ ¢t — |
iy (5 - ese <
Important results to remember
1
(1) Lim (¢ = w (iiy Lim (¢ = Lim (—x) =0
¥ — + m N —k — ¥ —% — W] c
. d .
(111) Lim (—) = 0 , where a 1s any real number.
Xt X

EXERCISE 1.3

Q.1  Evaluate each limit by using theorems of limits.

(i)  Lim (2x + 4) (ij)  Lim 3x*—2x + 4)
x—3 x—>1
(iii) Lim+\x*+x+4 (iv) Limx\/x'—4
x—33 =2
20 +
v) Lim(X+1--x'+5) (v) Lim~— 2%
32 x—31 Ix-2
Solution:
(i) Lim (2x+4) = Lim (2x) + Lim (4)
=3 =3 x=>3
= 2Limx+4
x—r]
= 23)+4=6+4 = 10 Ans
(i) Lim(3x’—2x+4) = Lim(3x%)- Lim (2x) + Lim (4)
=1 =1 x—=>1
= 3Limx —-2Limx -4
x—| X—w]
= 31y -2(1)+4
= 3-2+4
= 5 Ans.

(iii) LiIII by X +x+ 4 — ILim {Ez +x + 4)]”1

i—3 X—»3



