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 xtl Lf 

~x-)) * THX) 

a f(x) is neither even nor odd function, 

(Vv) f(x) = x3 +6 

f{-x) = (-xy" + 6 
= [xy] + 6 
= (x2)! +6 

= x"? +6 

= {(x) 
f(x) is an even function. 

3 
XK —XX 

(vi) f(x) = 2] 

(=x)" = (x) 
(-xy~ | 

—x? +x 

x + | 

—(x" =x) 
x" — | 

= —f(x) 
f(x) 1s an odd function. 

Composition of Functions: 

Let f be a function from set X to set Y and g be a function from set Y to set Z. 

The composition of fand g is a function, denoted by gof, from X to Z and 1s defined by. 

(gotyx) = g(x)) = effx)forallxe X 

Inverse of a Function: 

Let f be one-one function from X onto Y. The inverse function of f, denoted by 

f ' is a function from Y onto X and is defined by. 

x = f '(y), V ye Yifand only if y= f(x), xe X 

EXERCISE 1.2 

Q.1 The real valued functions f and g are defined below. Find 

(a) fog(x) (b) gof (x) (c) fof (x) (d) gog (x) 
3 

x — I 

t(—x) = 

(i) f(x) = 2x+1 3; g(x) = », x #1
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(ii) = f(x) = 

(ii) = f(x) = 

(iv) f(x) = 

Solution: 

(i) f(x) = 

(a) fog (x) 

(b) — gof(x) 

(c) fot(x) 

(d)  — gog(x) 

I 
Vxtl 3 g&) = 7 , x # 0 

wWx— 1 

3x? — 2x7 ; x # 0 
2 

g(x) = x , 

3 

x-1 
2x+1 ; 

= fgtx)) 

ten 

- (Aa) 

6+x-—-] 

x— | 

x+54 
Ans. 

x— | 

= g(f(x)) 
= g2x+ 1) 

3 3 

~ Oxtl-l 2x Ans. 
= f(f(x)) 
= f(2x+ 1) 

= 2(2x+1)+1 

= 4x+2+] 

= 4x+3 Ans. 

= g(g(x)) 

- (4) 

g(x) = , x #1 

x #13 g(x) = (x +1)
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(ii) f(x) =yxtl 3; g(x) = 2 , x # 0 

(a)  fog(x) = f(g(x)) 

= Ans. 

(b) — gof(x) = 

(Jxe1y = 4] Ans. 

(c) fot(x) = f(x) 

(d) = gog(x) = g(g(x)) 

(iii) f(x) ~ ead > x #13; g(x) = (x°+1y 

(a) — fog(x) = f(g(x)) 
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(b) 

(C) 

(iv) 

(a) 

got(x) = 

fot(x) = 

| 
xt +1 +2x7- 1 

g(2(X)) 
= g((x° + 1)’) 

Lae + lye + ip 
(x? + 19° +17 Ans. 

f(x) = 3x*-2x° ; g(x) = + , x # 0 

fog(x) = fle(x)) 
2 

a) 2 

Ga) - 208) 

(Ch.01) Functions and Limits
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Ans. 

(b) —-gof(x) = g(f(x)) 
= (3x —2x°) 

2 
[3x" = 2x° 

2 7 2 
\}x7°(3x° — 2) x 3x7 — 2 

(c) — fof(x) = f(f(x)) 
= {(3x°— 2x*) 
= 3(3x*-2x*)'- 2(3x7-2x’f Ans. 

(d) gog(x) = g(g(x)) 

f 

Q.2. ‘For the real valued function, f defined below, find: 

(a) f(x) 

(b) ff '(-1) and verify f(f~"(x)) = £7! (f@)) = x 
(i) f(x) = -2x+8 (Lahore Board 2007,2009) (ii) (x) = 3x° +7 

2x+1 

x-i ' 
(iii) f(x) = (-x +9) (iv) f(x) =



Mathematics (Part-I) 24 (Ch.01) Functions and Limits 

Solution: 

(i) f(x) = -2x +8 
(a) Since y = f(x) 

=x = f'(y) 
Now, 

f(x) = -2x+8 

y = -2x+8 

2x = &8-y 

_ 3-y 
ny) 

--1 8 — ry) >" 
Replacing y by x 

8—X w-ly 
f (x)= 2 

Replacing y by x. 

8—X lyey 
f(x) = 7 

(b) Put, x = -l 

8 —(-l 8+] 
fl) = = 2 

r(f()) = (55%) 

fl (f(xy= f 12x +8) 

f (f-'(x9) =f! (f(x)) =x Hence proved.
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(ii) f(x) = 3x°+7 
(a) Since y = f(x) 

=> x = f '(y) 
Now 

f(x) = 3x°+7 
y = 3x°+7 

3x = y-T 

3 _y-/ 
* 3 

a 

© = LS") 3 

f' (y= (7) 

Replacing y by x 

x —7\z -| _ 43 
t = | 3 

(b) Put x = —-1 
| 

—l|-—7\; -! _ 3 
ff (-Il)}= 3 

, 1 

(ety) = 6 (7 } 3 

_ 3 (a= 3 

3 

x—7 

~ 3 ( 3 Jer 
= x-7ri7 

f'(f(x)) = £' Bx°+7) 
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3x t 

7 [ 3 *)} 
1 

— (x*)° = 

f(t @)= f- 9)- x 
(ii) f(x) = Cxt+9y 
(a) Since y = f(x) 

x = f '(y) 
Now 

f(x) = (-x+9/ 
y = (-x+9/ 

l 

y = -x+9 

1 
Xx = 9-y° 

Replacing y by x 

1 
f(x) = 9-x* 

(b) Put x =-l] 
l 

f'(-1) = 9-C1y 
] 

f(t '(x)) = = £O-x) 
Lt 

= [-@-x +9] 
1 

= (-9+x> +9) 

r'(f) = ft! (ex+99) 

= 9-[(-x+9)'P 
= 9-(-x+9) 

= 9+x-9 

= xX 

f(f7-'@x)) =f7! (f)) =x 

Hence proved. 

Hence proved.
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2x +1 
(iv) f(x) = xd 

(a) Since y = f(x) 

x = f(y) 
Now 

; 2x+ 1 

Mx) = x- | 

— 2xt 1 
y a 

y(x—1) = 2x4] 

yxy = 2x+1 

yx 2x = I+y 

x(y-2) = yt 
— , - vl 

y-2 

-I _ ytl 
f(y) = y-2 

Replacing y by x 

- _xti 

Ped = xo 9 
(b) Put x = -l 

7 ee ae 

PC) = 179 
) 

="3 5 0) 

| 7 =i 
f (t7' (x)) =f( 5 

{=} 

7 x-2 

7 xtI 

x-2 

2(x +1) +(x —2) 

7 x-—2 

~~  x+1—(x—-2) 
x-—2
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2x +2+x-2? 

x+]—-x4+2 

I 

Cp
t 

| 

“at
 

(rm) = eH Y 

x—| 

2x+]1+x-1 

x— 1 

2x +1-—2(x-1) 

x— | 

3X 

2x+1-—2x+2 
3x 
3 ~«~S~«‘< 

f (f-'(x)) =f! (t(x)) =X Hence proved. 

Q.3 Without finding the inverse, state the domain and range of f *. 

-1 
(i) f(x) = yx+2 (ii) f(x} = 4 ,x#4 

(iii) f(x) = =" »xX#-3 (iv) f(x) =(K-5) x25 

Solution: 

(i) f(x) = Vyxt+2 

Domain of f(x) = [-2, +9) 

Range of f(x) = [0, +00) 

Domain of f '(x} = Range of f(x) = [0, +00) 

Range of f(x) = Domain of f(x) = [-2, +9) 

. _, . xol 
(ii) 1(x) - 4 x#4 

Domain of f(x) = R- {4} 

Range of f(x) = R- {1} 

Domain of f(x) = Range of f(x) = R- {lt} 

Range of f'(x) = Domain of f(x) = R- {4}
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(iii) f(x) = x+3 »x#-—3 

Domain of f(x) = R-}j-3} 

Range of f(x) = R—- {0} 

Domain of f '{x) = Range of f(x) = R- {0} 

Range of f '(x) Domain of f(x) = R- {-3} 

(iv) f(x) =(x-5)’, x25 (Gujranwala Board 2007) 

Domain of f(x) = = [5, +90) 

Range of f(x) = [0, +90) 

Domain of f '(x) = Range of f(x) = [0, +00) 

Range of f'(x) = Domainof f(x) = [5, +00) 

Limit of a Function: 

Let a function f(x) be defined in an open interval near the number ‘a’ (need not at a) 
if, as X approaches ‘a’ from both left and right side of ‘a’, f(x) approaches a specific number 

‘L’ then *L’, is called the limit of f(x) as x approaches a symbolically it is written as. 

Lim f(x) = Lread as “Limit of f(x) as x > a, 1s L” 
Xa 

Theorems on Limits of Functions: 

Let f and g be two functions, for which Lim f(x) = L and Lim g(x) = M, then 

Theorem 1: The limit of the sum of two functions 1s equal to the sum of their limits. 

Lim [f(x) + g(x)] = Lim f(x) + Lim g{x) 

= L+M 

Theorem 2: The limit of the difference of two functions 1s equal to the difference of 

their limits, 

Lim [f(x) — g(x)] = Lim f(x) + Lim g(x) 
Xba X—Fil xe 

= L-M 

Theorem 3: If K is any real numbers, then. 

Lim [kf(x)] = K Lim f(x) = kL 
Xu a 

Theorem 4: The limit of the product of the functions is equal to the product of their 
limits. 

Lim [f(x). g(x)] = [Lim f(x}] [Lim g{x}] = LM 
Xa bra Xa 

Theorem 5: The limit of the quotient of the functions is equal to the quotient of their 

limits provided the limit of the denominator is non-zero,
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Lim f(x) 
. x ] xa _ L 

Lim| ac] ~ Lim go) > Mo» 80) 4 OMe 0 
Theorem 6: Limit of [f(x)]", where n is an integer. 

Lim [f(x)]" = [Lim f(x)]"= L" 
Al Ad 

The Sandwitch Theorem: 

Let f, g and h be functions such that f(x) < g(x} = h(x) for all number x in some 

open interval containing “C”", except possibly at C itself. 

If, Lim f(x)= L and Lim h(x) = L, then Lim g(x)=L 
ASE KU RoC 

Prove that 

If 8 is measured in radian, then 

Lim sind = | 
aan =O 

Proof: 

Take 0 a positive acute central angle of a circle with radius r= 1. OAB represents 
the sector of the circle. 

OA) = jOC| = | (radi of unit circle) 

From right angle AODC 

DC ; . Sind = wa = |DC) © |oc)=1) 

From right angle AOAB 

AB 
Tand = oA = AB (. JOAl= 1) 

In terms of 0, the areas are expressed as 

| l l 
Area of AOAC = 5 OA) |CD| = 5 (1) sind = 5 sinO
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Area of sectorOAC = 5 0 =5 (1)(@) = +0 

Area of AOAB = > IOA| AB|=3 (1) tanO = 5 tan 

From figure 

Area of AOAB > Area of sector OAC > Area of AOAC 

l l l 
5 tand ~ 3590 -5 sin8 

1 sind _ 0 _ sind 
2 cosO 2 2 

l 
As sin@ is positive, so on division by > sinQ, we get. 

> ! > | Q=<O0< 7/2 
cosd —ssinO ( 2) 

1.c. 

cos =< sin@ < | 
0 

When, Q@>0 , cos0d > 1 

0 
Since ~ is sandwitched between | and a quantity approaching | itself. 

So by the sandwitch theorem it must also approach 1. 
1.@, 

Li sind _ l 
doo «0 

Theorem: Prove that 
] nh 

Lim c +4) =e 
TN —® bor: n 

Proof 

Taking 

ly] 1) n(n—1) (LY , nm — lin 211) (olf pa (bjemeh (Lf mana (ly 
| l l l 2 

- 14145, (1-34 3) i ry(r-2)+ veveeeues 

Taking Lim on both sides. 
To — te: 

Ll Jt to] 
Lim +4) = I+ 1+ a+ arrg rts beceeeees 

1+1+0.5 + 0.166667 + 0.0416667 4+......... 
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= 2.718281......... 

As approximate value of e 1s = 2.718281 

12 

Lim (1 +4] =e 
Th > ~at: n 

Deduction: 

Lim (1+x)'* =e 
x 0 

We know that. 
l I 

Lim (1+,) = pore ST . 
] l 

Put %. = — then — = n 
Xx 

AS note , x30 

Lim (1 +x)'* = ¢ 
no 7 

Theorem: 

Prove that: 

ari 
Lim = log.a 
xX 3Oa 

Proof: 

Taking, 

a-tl 
Lim 
Xa 

Let a-l=y 

a= I|+y 

x = log, (1+ y) 

As, xX->a , yoo 

ani y 
L = L ae yo loga(1 + y) 

, ] ] 
= Lim > = Lim 

yo 4 +f = 

y loga(1 + y) log.(1 — y) 

_ l : Ly — log.e . him (| + y) =
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Deduction 

a 
- = loge = | 

a* — | 
Lim ( = log.a 
x >) x 

Put oa =e 

cI 

a 
Important results to remember 

l 
(1) Lim (c*) = o Gi) Lim (c*) = Lim ( 5) = (1) 

a ae Xo oo oe c 

bas ; al . 
(111) Lim @ = () , where a is any real number. 

a x 

EXERCISE 1.3 

Q.1 Evaluate each limit by using theorems of limits. 

(i) Lim (@x+4) (ii) Lim (x?- 2x +4) 
xed x 

(iii) Limvx’+x+4 (iv) Limxx’-4 
x3 X—2 

Ix? + 
(Vv) Lim(@/e +1 —-Vxe4+5)) Gv) Lim oh 

12 1—>? 3x -—2 

Solution: 

(i) Lim (2x+4) = Lim (2x) + Lim (4) 
ve x3 x3 

= ?Limx+4 
x 

= 2(3)+4= 6+4 = 10 Ans, 

(ii) Lim (@x’-2x+4) = Lim (3x’)— Lim (2x) + Lim (4) 
11 x1 11 S| 

= 3Limx*-2Limx-4 
x—* | x— | 

= 3(1y- 2(1) +4 
= 3-2+4 

= 5 Ans. 

(iii) Lim sf) y ++ 4 — {Lim (x’ +yt+ 4)" 

x3 1s


