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Deduction 

a 
- = loge = | 

a* — | 
Lim ( = log.a 
x >) x 

Put oa =e 

cI 

a 
Important results to remember 

l 
(1) Lim (c*) = o Gi) Lim (c*) = Lim ( 5) = (1) 

a ae Xo oo oe c 

bas ; al . 
(111) Lim @ = () , where a is any real number. 

a x 

EXERCISE 1.3 

Q.1 Evaluate each limit by using theorems of limits. 

(i) Lim (@x+4) (ii) Lim (x?- 2x +4) 
xed x 

(iii) Limvx’+x+4 (iv) Limxx’-4 
x3 X—2 

Ix? + 
(Vv) Lim(@/e +1 —-Vxe4+5)) Gv) Lim oh 

12 1—>? 3x -—2 

Solution: 

(i) Lim (2x+4) = Lim (2x) + Lim (4) 
ve x3 x3 

= ?Limx+4 
x 

= 2(3)+4= 6+4 = 10 Ans, 

(ii) Lim (@x’-2x+4) = Lim (3x’)— Lim (2x) + Lim (4) 
11 x1 11 S| 

= 3Limx*-2Limx-4 
x—* | x— | 

= 3(1y- 2(1) +4 
= 3-2+4 

= 5 Ans. 

(iii) Lim sf) y ++ 4 — {Lim (x’ +yt+ 4)" 

x3 1s
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= [Lim x°+Limx+Lim 4]'” 
x—4 wu oe) 

= (3°4+344)"" 
= (94+7)'" = (6)? = (4°)'"= 4 Ans. 

(iv) Limxjx’-4 = [Lim (x)] [Lim (x’- 4)"7] 
x2 x2 x—>) 

= 2 [Lim (x? — 4)]"" 

= 2 [Lim x°- Lim 4]"” 
x x 

= 244-4)" 
— 20)!" 

= 0 Ans, 

(v) Lim (yx +1 —x7+5) = Lim e+ 1)'? - Lim (x? + 5)"? 
and x ‘> 

= [Lim (xo + 1]? _ [Lim (x? + 5)]!? 

= [Lim x* + Lim 1]'* — [Lim x* + Lim §5]'” 
xt xe x? Ke 

= (84+ 1)'*-(44+5)'" 
_ (9)? _ (9)? _ (37)? - (37)! —~ 3_3 

= 0 Ans. 

Lim (2x* + 5x) 
2x? + x5 (vi) Lim 373% = 22 

x32 3x-2 Lim (3x — 2) 
x—>-2 

2 Lim x +5 Lim x 

7 3 Lim x— Lim 2 

2-2) + 5-2) 
—  3(-2)-2 

— 2-8)-10 —-16-10  -26 — 13 A 

~ 6-2 ~— 8 ~ -§ «4 ns 
Q.2 Evaluate each limit by using algebraic techniques. 

3 3 
. xX xX . ; 3x" + 4x 

Lim er im PS 
3 3 Z 

; x -8 ; . x -3x'+3x-1 
(iil) Lim 4tx-6 (iv) Lim o_y (Lhr. Board 2009) 

3.2 2 
; x +x 2x° — 32 © tim (Sy) eb Lim Bye
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yx = 2 
(vii) Lim x2 (Lhr. Board 2006) 

x2 

4 _ nf 

(viii) Lim *— x (Lhr. Board 2004) (Gx) Lim 
h—>0) h oa X a 

Solution: 
3 

; _ x -x [0 
(i) Lim xt 1 (3 | form 

— xX =X  _. x(x'- 1) 

Om xed > xd 
1 x(x + I(x — 1) 
7 ol xt | 

= Lim x(x- 1) 
x > —| 

= -| (-1-1) 

= -|(-2) = 2. Ans. 
. _ (3x4+4x) 3(7°+ 40) 

fi) Lim Oe Sa 
+ 

= 3 5 4 = ; Ans. 

3 -8 (0 
(iii) Lim a. ¢ (?) form (Gujranwala 2007, Lahore Board 2008) 

3 3 3 

Lim 2—*— = Lim 2&2 
x? x +x—6 x2 x7 +3x—2x—6 

(x — 2)(x° + 2x + 4) 
= Lim [-- a’ —b’ =(a—b) (a +ab+b’*)] 

xo? X(X+3)- 2(x +3) 

a (x — 2)(x" + 2x + 4) 
x2 (x + 3)(X ~ 2) 

— (2° +2(2)+4 44444 12 
243 5 ~ 5 Ans. 

3 2 
—3x°+3x-1 /0 

(iv) Lim ~———~* f) form (Lahore Board 2009) 
1 x —-X 0 
7 x9 = 3x2 4+ 3x-1 — (x-1y 
1m = 1m 

x ¥l xx x > x(x° — 1) 

x-1y 
= Lim 

coat X(X + 1)(x— 1)
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l1-ly 0 
- 1 = 5 = 0 Ans. 

3 2 

(vy) Lim Gao [p | form 
13-1 (4 

4,2 2 
X +X). x (x +1) 

am oo | LAM EI 1) 
2 

= Lin — 
x>-1X- 1 

_ «ly _-=l ~ 7-7 07 Ans, 

_ 2x?-32 2) 
(vi) Lim OH 4y? ( form 

7 2x* — 32 TF 2(x* — 16) 
ot x= 4xe cot x(x — 4) 

— . 2(x +4)(x - 4) 

et x(x — 4) 

. 2(x+4 
= Lim 

x4 x 

_ 2444) _ 208) 
— (4¢ 16 

l 
-- = | Ans. 

-— V2 /0 
(vii) Lim x V2 (j | form (Guj. Board 2006) 

12 x-2 0) 

— Vx-V2 2). yx- v2) yx+y2 
Lim = Li x 
x? x— 2 ws x-2 vx + 2 

1 @RY=(2y 
x2 (x — 2)(/x +V2) 

x—2? 

© OP x 2(Vx +2) 
. l ] ] 

~ lim ety ata TS 
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(viii) Lim 
hi 

Vx th - yx (o 
h 

7 form (Lahore Board 2006) 

Ax + — a/x _ ys NXt — |x vfx +h + afx 

ym ph lh + lx 
(ER (} 

mm h(/x +h +/x) 

x+h-x 

~ Tam vat +a)x) 

Siew 

"—a" (0 
(ix) Lim a am (?) form 

Xi 

We know that: 
x" — ql 

Lim ya na" ' | where n is an integer and a> 0 
MPL ~~ 

Now 
x 

Ng! X-a 
Lim ~ = = Lim —n om 
xoa X — a xo XT 

X—a 

_ = _ — n—l—-m-| _ - nom Ans 

Q.3 Evaluate the following limits: 
a7 . 

i Lim ~— Gi) Lim —~—~ (L.B 2003) 
x0) x x—>0) 

_ — 1l—=cosd ; _ sinx 
(iii) Lim sind (L.B 2009 (s)) (iv) Lim nx 

_ sin ax . . x 
(v) Lim sin bx (vi) Lim tanx 

.  — L=cos2x - _ l= cosx 
(vii) Lim e (viii) Lim sin2x (L.B 2009)
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. 2 

(ix) Lim 28 (1,8 2007) (x) Lim = 
6+ 0 8 x) 

; — 1—cos pd 
(xi) Lim 7 oo gg (LB 2004,06) (G.B 2005, 2006) 

ii) Lim @@2=5i"8 7 B 2003, 2004) (G.B 2008 (xii) Lim ~~ aig (L-B 2003, 2004) (G.B 2005) 
Solution: 

_ sin7x (90 
(i) Lim x (P| form 

Lim sin 7X — Lim sin 7X ’ 

xh X x TX 

= |x7 = 7] Ans. 

.. _ sinx” (0 
(ii) Lim x () from 

XT 
Fim SHOR 180 a 
mat x 7 an XT * 180 7 [= 780 radian 

180 xT 
x° = To, radian 

a ee 180 
180 1&0 ™ 

ws _ 1—cos0 (?) 
(iii) Lim sin® 0 form 

i |-cosO © ij |-cos@  1+cos0 
ra sin@ ra sind ~*~ 1+cos0 

43 1 — cos 
7 Yoo sin® (1 + cosO) 

1 sin@ 

7 o> 0 sin@ (1 + cos@) 

. sin@ 

7 Lim 1 + cos6 

0) 0) 
an ris a oan 0) Ans,
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sinx /0 
(iv) Lim @ form 

Xe ~~ 

Put m-X=t => x = 2-t 

AS xOm , to30 

_ siInx _ sin(m-t 
Lim = Lim (Z=0) 
x—PIT _ t—+(} t 

 sint 
= Lin — 

t—+() t 

= | Ans. 

_ sinax (0 
(Vv) Lin sin b (3 form (G.B 2007) 

sinax 
x aX 

7 sin aX Z AX 

yuo sin bx eo sinbx 
* bx 

bx 

sinax 

ax" 
= lin — 

xo 6slnbx 

bx * 

_ lxa _ a A 

~Ixb b ns: 

i) Lim—— lt L.B 2008 
(vi) avy tanx \o/°°r™ ( ) 

X x 

Lim fanx <a SINX 

cOSX 

cos xX 

7 Lim SInx 

x 

] 
-7 = l Ans 

1—cos2x /0 (vii) Lim — >" (3 |form 
x— ll) 

_ |—cos?x ; Isin-x 
Lim 3 = Lim ——_ 
x—+l} x x0) x 

-* cos2x = 1 — 2sin*x => 2 sin’x = 1 — cos2x)
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= Lim (sim) 
x) x 

= 21) = 2 ~~ Ans. 

_ . Il-cosx /0 
(vill) Lim —.z , | form 

xo SIN"X 0) 

— |= cosx ; ] — cosx 
Lim a = Lim 7 
xo «= SIX xo 6©6L — COS X 

. ] — cosx 
= Lim 

(ix) 

(x) 

xo (1 + cosx)(1 — cosx) 

l 
Lim 
x29 6 + COSX 

] ] 

I+) 2. “ns 
2 

sin'® /0 
Lim G form 
aso 8 0 

. 3 . 

— sin 0 _ sin® 
Lim = Lim — ~ sing 
gsa 8 aso O 

= |x0=- 0 Ans. 

secx —cosx /0 
Lim G form (G.B 2007) 
x1) x 0 

] 
— COSX 

secx — COSX COSX 
Lim = Lim 
x—+{} xi} x 

1 — cos°x 

COSX 
= Lim 

xt} x 

sin’x 

~ Lim X COSx 

_ SINX SINXx 

7 Lim X ‘ COSX 

= Lim ous tanx = 1xQ= 0 Ans. 
x—>fh x 

_ 1-—cos pé (?) 
Lim 1—cos qd \0 form (G.B 2006) 

We know that:
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cos20 = 1-2 sinO 
0) _ 2 cosd = |-2sin 5 

0 
cospo = |-2 sin’ 

asin? = |1—cos pO and 2sin 

2 sin ee 
_ 1—cos pe 2 

yim l—cosqd vim »q0 H+) + 2 sin”, 

\ 

sin 22 
2 pod 

po * 2 
ee 2 / 

eo Lf. qo Y 
sin 

2 gO 

go * 2 
2 / 

2 
. po) 
S1n 7 pe 

po 
se 2 / 

wy qo \ 
sin 7 q°0" 

go | ° 4 
2 / 

(dy. p° p° 
— = 4; Ans. 

(dy.q oq 
t — Si 0 

(xii) Lim —— G form  (L.B 2005) 

sin® a0 

tanO — sind coso 

1 — cos q@ 

aq Y 
S1n 3 ; 

pd - p 

2 / 

sin ge 
- 2 

qo |" 
2
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1 
sin8 ee = 1 

7 Lim sin’ 

1 — cosO 

cos0 
= Lim 3 

jo f SIM ) 

_ Ty | — cosO 

6 a cos0 (1 — cos6) 

_ 4 | — cos0 

~ ga) cos0(1 + cos0)(1 — cos0) 

] I 1 

7 him cosh(l+cos8)  I(1+1) 2 Ans 

Q.4 Express each limit in terms of e: 
l in 1 n2 

(i) Lim . +4) (ii) Lim . +i) 
nh — +06 nh n —> +00 n 

aay gs 1) . | ly Gi) Lim (15) Gy Lim (135 
4 n 

(v) Lim c +4) (vi) Lim (1+3x)** 
h—* +00 n x0 

(vii) Lim (1 + 2x2)!" (viii) Lim (1-2h)"" 
x—>0 h—>0 

x Lx 
X . e -!1 

(ix) Lim tex ] (L.B 2003.04) (x) Lim Xr? x< 0) 

1ix 

(xi) Lim “IK ; x>0 (LB 2005) 

Solution: 

Li [ +t)". Li (1 NT Oem ao ee n}'| 
=e Ans, 

1 n/z | ") l2 

(ii) Lim +4) = Lim (144) 
rh —> ton n no n | 

1:2
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1 n 

(iii) Lim 41-2] = 
n —> +30 n 

= a! 

* Li 1 + +) — 

Om ET Sn 

. 4)" 
(Vv) Lim [ +4) = 

ih —> +0 n 

(vi) Lim (1+3x)*= 
n— f) 

(vii) Lim (1 +2x2)"" 
x3 

(viii) Lim (1—2h)"" 
h — t) 

. xy | mum (ey 

1'x 
. ev-!l 

(x) Lim eet ],? 

Put, x = -t, 

As, x30 , 

Lix — | 
Lim <r = 

= Lim 

| —1]-l 

Lim. {(1+(2))| 
Ans 

| ants 

tim {(155) | 
els Ans. 

wd | Ly) 
iam (1a) | 
e! Ans. 

ml — {ih 

= °° Ans. 

= Lim [(1 + 2x°)!?"? 
x 0 

2 
‘ss Ans. 

Lim [(1 +(-2hy'"y* 
h—0 

=e Ans. 

X= oo 

| x \ 
Lim j7~ + 7 
xa MM x 

Lim 
es 

x<0 (GB 2005) 

where t=O 

(G.B 2006) (LE.B 2007) 

Ans. 

Ans.
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el — ] 00 
(xi) Lim arr x>0 (2) 

el 4 e* (1 - 5) 

Lim ar Lim i 

| | — Qi 

= Lim 
x > 

| + UTR 

] 
l-= 

7 e 

144 
e 

| 

a 1-0 
= -— 749°! Ans 

l+ = 
i 

Continuous Function 
A function fis said to be continuous at a number “c” if and only if the following 

three conditions are satisfied. 

(i) fic) is defined. 

(11) Lim f(x) exists. 

(1) Lim f(x) = fc) 
x +e 

Q.1 Determine the left hand limit and right hand limit and then find limits of the 

following functions at x = c. 

(i) f(x) = 2x°+x-5, ¢ = 1 
Zz 

Ls — X -9 — (ii) f(x) = x3 », c=-3 

(iii) f(x) = |x-5| , ec = 5 

Solution: 

(i) f(xy) = 2x?+x-5, ¢ = 1 
Left hand limit


