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Important results to remember
1
(1) Lim (¢ = w (iiy Lim (¢ = Lim (—x) =0
¥ — + m N —k — ¥ —% — W] c
. d .
(111) Lim (—) = 0 , where a 1s any real number.
Xt X

EXERCISE 1.3

Q.1  Evaluate each limit by using theorems of limits.

(i)  Lim (2x + 4) (ij)  Lim 3x*—2x + 4)
x—3 x—>1
(iii) Lim+\x*+x+4 (iv) Limx\/x'—4
x—33 =2
20 +
v) Lim(X+1--x'+5) (v) Lim~— 2%
32 x—31 Ix-2
Solution:
(i) Lim (2x+4) = Lim (2x) + Lim (4)
=3 =3 x=>3
= 2Limx+4
x—r]
= 23)+4=6+4 = 10 Ans
(i) Lim(3x’—2x+4) = Lim(3x%)- Lim (2x) + Lim (4)
=1 =1 x—=>1
= 3Limx —-2Limx -4
x—| X—w]
= 31y -2(1)+4
= 3-2+4
= 5 Ans.

(iii) LiIII by X +x+ 4 — ILim {Ez +x + 4)]”1

i—3 X—»3
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= [Lim x* + Lim x + Lim 4]"*
X3 K—s3 K>3

= (3*+3+4)°

= 9+ =167 = @)= 4 Ans.
(iv) Limxy/x’—4 = [Lim (x)] [Lim (x*— 4)"]
x—»2 x—2 x—»2
= 2[Lim (x* — 4"~
= 2[Lim x” - Lim 4]"”
x 2 L
= 2(4-4"
— 2{0:“2
=0 Ans.
(v) Lil}" (\Wx'+1 =X +5) = LiT x*+ 1" - LiT (x* +5)"
= = N—»

[Lim (x* + 1]™ - [Lim (x* +5)]"

= [Lim x* + Lim 1]"* = [Lim x* + Lim 5]'“

a7 3 T N2

= ®8+ 1) —@+5"
_ (9}1;‘2 B {g}uz _ {31}1f2_ {32}1.-'2 — 3.3

= 0 Ans.
Lim (2x* + 5x)
2x° + x>~
(vi) Lim —12% _ xo2
x—o—2 IX—2 Lim (3x-2)
X =p=1
2 Lim x*+5 Lim x
B 3 Lim x— Lim 2
C2(=2)+5(-2)
3= -2
2(=8)—-10 —l6-10 =26 13 A
S 6-2 -8 8 4 e
Q.2  Evaluate each limit by using algebraic techniques.
3 3
, ., X —X o i 3x” +4dx
Um0 um
3 3 2
: X —8 : X =3X"+3x-1
(iii) [;1}1;1 Ctx—6 (iv) l;lﬂ] BN (Lhr. Board 2009)
3,2 2
: X" tTXx ) . 2x"—32
) Lim (f-l) O Lim s
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=

(vii) Lil’gl (Lhr. Board 20:06)
i
+ - m__ _m
(viii) Lim ~— \E (Lhr. Board 2004) (x) Lim 5
=0 h x—a X —4d
Solution:
) X =x {0
(i) 114_1111] <+ 1 (u)furm
3 2
X —-x . x(x'-1)
Om e T E T
~ L x(x + I)(x—=1)
N xj,rl_11 x + 1
= Lim x(x—-1)
¥ —»—]
= =1 (-1- l)
= —1 (- 2) Ans.
. O (xT+Haxy 3y’ +4(1)
@ Lim - (1) +1
_|_
= S 5 4 = % Ans.
—8 (0
(iii) Ln? N x+ — 6 (ﬁj form (Gujranwala 2007, Lahore Board 2008)
—
Lim x -8 = Lim {x} - (2

x—»2 1"'?1_6 K2 x+3:~:—2x—6

. (x — 2)(x” + 2x + 4)
w2 X(X+3)—-2(x+3)

. (x = 2)(x" +2x +4)
—s2 {K + 3){}{ - 2)

22 +4 4+4+4 12

[~ a’— b’ =(a—b)(a” +ab+ b))

>+3 3 =5 Ans.
3 2
—3Ix"+3x-1 {0
(iv) Lim — 5 [—) form (Lahore Board 2009)
=1 X =X 0
3 2
_ — I+ 3 =1 , -1
Lim 2 ;,2 s = Lim (x )
¥ ¥l X —X x ol }{(K _ 1)
x —1
= Lim ( )

w1 XX+ 1dx—1)
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o x—1Y
T X 1)
(=1 _0 _
—](1+1)—2—0 Ans.
3,2
) X +x7) (0
@ tim () (§rorm
1,2 >
, X Xy X" (x+1)
m (:E—l T MM - )
2
~ Lim —
x—-1Xx—=1
-1)° -1
, . 2x° =32 g)
(vi) I;E}I O — dx? [ﬂ form
2x° — 32 2(x*— 16
Lim =3 - Lim 23 10)

Lim

(vii)

s o

2 2
Cafx =2

Lim

x—32 X—2

B 2(x + 4)(x — 4)
x—d X(x — 4)
2(x+4

= Lim
x—d

X
244 208)
@ T 16

16
16 ~ !

0
(—) form  (Guj. Board 2006)

0
Cpig MX N2 afx a2
x—2 X-2 \{{;-l-\ji
(R - (Y

Ans.

T a0k R)
o X—2
S5 x-2)(x )

1

= Lim

| 1
Xx—2 E"‘\/ﬁ_ \j§+‘\l§ B 2'\]5

Ans.
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\x+h — 0
(viii) Lim X h \/; (ﬁ) form (Lahore Board 2006)
h—)
[ Xt —\f; WX+ —\/}_-: w‘}:+h+\ﬂ
>
hiﬂ‘}] h h—}[}]l h "xll'}i: +h + ’\/;{
(xrn) - (V)
h—m h(~/x + h ++/x)
Li x +h-x
= Lim
h—»4) h(“ul'x +h + \j:-_{)
= le
(xll'}: + h + \[':_{)
T x+0+ \f;: \F{ + \f;:
]
= —— Ans.
Nx
"—a" (0
(ix) Lim Km m (‘] form
X—»i - “
We know that:
X" — 3"
Lim = na"' , wherenis an integer and a = 0
v—sa A d
Now
X0 — g"
- a" X—a
Lim xm dm = Lim —m
x—a X —d -0 X —
X—a
-
_ I:l';m_] _ % n—1—m-—I — i al'l—l'l'l Ans
Q.3 Evaluate the following limits:
- .
()  Lim ——— i) Lim ——— (L.B 2003)
x=2( X =) X
~1-—rcosb i ~ sinx
(iii) t!fl:.“l} <in® (L.B 2009 (s))(iv) I;LT S
. Sin ax . . X
(v) [,;ﬂl sin bx (vi) I;l,,“.;.] tan
1 = cos2 1 -
(vii) Lim — (vii) Lim ——2 (L.B 2009)
x=0 X A=) 51
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. 2
v Lim 20 1 B 2007) (x) Lim
8—=0 0 A=)
. 1 —cospb
(xi)  Lim (= " (L.B 2004,06) (G.B 2005, 2006)
i) Lim 2O=SIO b 003, 2004) (G.B 2005
(i) Lim 05t (LB 2003, 2004) (G.B 2009)
Solution:
: . sin7x (0
(i) ];;Ll'll]‘l X (ﬂ)fnrm
[im sin 7x ~ Lim s 7x y
x—} X x—) 7
= 1x7 = 7 Ans.
. . sinx” (0
(i1) E;L[}}’I . (l}) from
.
Goosinx® L P I80 -
;.LI}}] - xLT XTC “ 180 S 10 = 180 radian
180 -
x® = Ton radian
RO S T 180
180 1 80 o
. 1—cosB (Qj
(iii) B[in; <inB 0 form
Li I —cos0 L I —costh 1+ cosb
gi_,n;ﬁ sint glﬂ sind = 1+ cosP
Y 1 - cos™®
B {}Ln?} sinB (1 + cosO)
o sin’0
- DLHE, sinB (1 + cos)
X st
a é‘l‘,‘?, | + cost
0 0
=131 2 0 Ans,
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sinx [0
(iv)  Lim (ﬁ) form
X—+1T -
Put T—XxX=1 = x = m—t
AS X—>mtT , t—0
. sInx osin(m—t
Lim = Lim (e
®—*T - () t
~sint
= Lm —/—
L—»l) t
= 1 Ans.
. sinax {0
(v) lﬂ}]i Sin bx [ﬂ)fnrm (G.B 2007)
sinax
. X ax
[ sinax [ ax
S0 sin bx - Sinbx
» bx
bx
sinax
ax 9
= Lim —
<50 Sinbx
bx
- |l = a _a A
“1xb b hs.
)  Lim—— [ﬂ)f 1.B 2008
(Vi) 11,,“.;.' tanx 0/ T ( )
_ X . X
E‘Eﬁl fanx .o sinx
COSX
_ COS X
N I;L‘? SINX
X
I
=7 = ] Ans
1—cos2x {0
(vii) Lim — =~ [ﬁ)furm
=)
1 —cos2x ] 2sin’x
Lim 7 = Lim —/=—— (-
x—l} X y—sl) X

o cos2x =1 - 2sin’x == 2 sin’x = | — C0s2X)
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- Lim 2(5iﬂ)1
x—l X

=2(1 =2  Ans.

. 1 =cosx {0
(viii) Lim —— 3 -~ |form
—0  Sin°X 0
1 = cosx . I — cosx
Lim 3 = Lim =
st SINTX s | — CO8X
, 1 — cosx
= Lim

(ix)

(x)

(xi)

o (1 +cosx){1 — cosx)
1

Lim

o |+ cosx
] 1
| +1_ 2 Ans
.2
sin @ {0
Lim (—j form
oo 6 L0
.2 .
. sinB . sinB .
Lim = Lim —— x sind
o0 O a0 O
= 1x0=10 Ans.
secx — cosx {0
Lim (‘) form (G.B 2007)
x—) X 0
1
— COSX
SecX — COSX COSX
Lim = Lim
x—l} ht x—l} b
1 — cos’x
_ COSX
= Lim
x—{}
sin“x
- I;E;,] X COSX
~ s8INX  sInx
a I;f}] X ' COSX
= Lim SInA tanx = 1x0= 0 Ans.
x—»{}
. 1—=-cos pb (Q)
!'_;LII; 1—cosq® \0 form (G.B 2006)

We know that:
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cos20 = 1 -2 sin’d
0
_ .2 M
cost = | =2 sIn 7
§
cospb = 1-2 sinz%
zsinz? = 1l —cospd and 2sin
2 f»:inﬂ}—e
.1 —cospb .o 2
lel—cnsqﬁ Zé‘mﬁ 0
f— 1) — 25in392_
2
sinp—e
2 pb
po " 2
.y 2 J
T e /) qe N
$1n
2 @b
Q@ "2
2 J
2
LA
SN 2 ﬂ
po
ey 2 )
~ 0 . gﬁ\z
51N ) ﬂ
qo | 4
2 )
(1 2 2 p—i
— — 3 A .
(y'.q q
. ., tan@ —sinG (0
(xii) %ing <in’0 [ﬂ)furm (L.B 2005)
sind -
[ tanf — sin® [ cosd ~
4 I_E sin’0 g I_ﬂ sin’0

I — cos gt
.1 \12
51N I ,
pd - P
2/
51N 9
2 2
@ |9
2
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_ |
sind (—CDSB — 1]

N H‘S sin’0
1 — cosb
_ cos0
= Lim ~ 3
0 —1 5111 9
_ L | — cosb
g El:n cosh (1 — cos™0)
_ | — cosd
~ o0 cosB(1 + cosB)(1 — cosh)
. 1 1 1
B A“lﬂ cosO(l +cos0)  1(1+1) 2 Ans.
Q.4 Express each limit in terms of e:
: 1 In 1- n'2
(i) Lim (1 +—] (ii) Lim (l +—J
n—» +oo n n — +o n
L 1y . . 1y
i Lim (1) i pim (105,
4 n
(v)  Lim (1 +—j (vi) Lim (1+3x)*"
n—» +o0 n x—=
(vii) Lim (1 +2x)" (viii) Lim (1-2m)""
x =0 h—0
X 1/x
, _ X .oe =1
(ix) !__lﬂ (—1 +1J (L.B 2003.04) (x) 1‘1,"3 a1 x <)
1/x
() Lim L } . x>0 (LB 2005)
Solution:
i Li (1 +ljm— Li Hl +l)“|-IE
W w7 n/|
= ¢’ Ans.
1 n/2 I n-| 1/2
(i)  Lim (1+—j = Lim Hl+—)|
n — +oo n n— — n J
112
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1 n
(iii) Lim (1——) =
n = +oo n
= .E_l
0 um (141]-
-t (1450 -
: 4\
(v) Lim (1 +—) =
h — +o n
(vi) Lim (1+3x)**=
n—l
(vii) Lim (1+2x)"™
x =0
(viii) Lim (1-2n)""
h—=1
: . x VO
(i) xL_T.: (’I+1j
1/x
.oet =1
(x) {.int} o 11
Put, x = -t,
As, x—>0 |
1/x
.oe -1
im o

= Lim

1 -n]-1
uin {1+ )1
Ans.
1 3n-|1f3
vim {(1e5,)]
el Ans.
w44
. L
Lim K”mﬂ) |
et Ans.

n— i}

= ¢ Ans.
= Lim [(1+ 25"

x — 0

2
— ¢ Ans.

= Lim [(1 +(=2h)""*"™

h—:;l.‘.l
= e -  Ans.

X — o0
, 1 X\

Lim |- + =

MEPETERY ¢ X

Lim
X —

x<0 (G.B2005)

where t=0

(G.B 2006) (L.B 2007)

Ans.

Ans.
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e -1 00
(xi) El}n; R x> (;]
E]-"x _ E];‘K{l_?ﬁ)
Lim —Tx = Lim
X + 1 X l
x—=t € — ) c]_x{] + 1)
e
| 1
- len 1
X —»
] +gr.-§
|
| - —=
- e
1+L,,.
e
1
L= 1-0
= —1 = 1+0" | Ans
| +—
o

Continuous Function

A function f1s said to be continuous at a number “c¢” if and only 1f the following
three conditions are satishied.

(1) fle) 1s detined.

(11) 1{Li_}n}f(x‘,l exists.

() Lim A(x) = fc)

=0

Q.1 Determine the left hand limit and right hand limit and then find limits of the
following functions at x =c.

i) fx) = 2x*+x-5, ¢ = 1
2

L — K‘ _9 —

(ii) f(x) = —3 , ¢ = =3

(i) f(x) = |x-3| , ¢ =5
Solution:
i fix) = 2x*+x-5, ¢ =1
Left hand limit



